Interest in analysis and control of exible structures has continued in the past few years with the appearance of new devices (e.g., piezoceramics, shape memory alloys) as a viable means of sensing and actuation in \smart material" structures (see for example [BIW2] ). The inherently distributed nature of such control devices have necessitated the development of high delity distributed parameter models for such structures. In many instances, torsional as well as bending motions are observed. Coupled torsion and bending is a well known phenomena in pretwisted blading ( [Ro] ). It is also a common problem in robotics when robot arms with eccentric tip masses undergo the coupled motions during slewing maneuvers. Motivated in part by such an impetus, we have investigated an approximation framework for a parameter identication methodology for structures which exhibit coupled torsion and bending. In this paper we present a model (Section 2) for coupled torsion and bending in a beam with tip body which we have used with success in experimental studies [BS] , [Sm] . We also have used this model to motivate development of an abstract framework for well posedness and convergence of parameter approximation schemes in parameter estimation or inverse problems. This framework is discussed in Sections 3 and 4 below. Throughout our discussions we illustrate use of the framework with the model developed in Section 2. Finally, we present (Section 5) sample computational results from simulation studies with the model in identication of parameters such as linear mass density, stiness, torsional rigidity and damping (bending and torsional) in vibration experiments.
The model presented in this paper is itself new and generalizes in a practical and important way models used recently by Sakawa and Luo [SL] , [L] in control (vibration suppression) studies. The model and abstract framework we present is amenable to incorporation of a variety of dierent damping assumptions (although here we illustrate with separate Kelvin Voigt damping hypotheses for bending and for torsion) and input or control terms.
We begin by developing a mathematical model for coupled torsion and bending in exible cantilevered beams with tip bodies. In addition to the standard motions of exural bending in two orthogonal planes and twisting, the model will also incorporate axial warping. We consider a beam with the material/structural parameters given in Table 1 .
It is assumed the beam is homogeneous in composition with constant rectangular cross sections. Because of the symmetry of the cross sections we will assume that the beam twists about its neutral axis. Thus the coupling between torsion and exural bending results solely from the dynamics of the tip body. We note that this is an important distinction since beams of nonconstant, nonsymmetric cross sections exhibit coupled torsion and bending even in the absence of a tip body (see [C1] , [C2] , [Ro] , [V] ).
Let and designate an inertial Cartesian coordinate system where the axis coincides with the beam's neutral axis in the undeformed state (Figure 1 ). Let and span a plane perpendicular to the axis. The bending of the beam may be decomposed into a lateral displacement ( ) in the plane and a lateral displacement ( ) in the plane. The twisting of the beam about the X axis is denoted ( ).
Let denote the mass center of the tip body. Let 0 denote the plane passing through and perpendicular to the axis. Let denote the tip tangent of the beam and the orthogonal projection of onto 0 . Let denote the distance between and . Let denote the length of the vertical component (along the -axis) of and let denote the length of the horizontal component (in the -direction) of , all as depicted in Figure 1 . In the spirit of Sakawa and Luo [SL] , let and designate a second Cartesian coordinate system with origin at the point (see Figure 2 ). In the beam's undeformed state the axes and are parallel to and respectively. The motion of the rigid tip body can be described in terms of this new coordinate system as it is axed to the body. We shall work under the assumption (also adopted in [SL] ) that the tip body oscillates like a pendulum about .
The dynamics of the beam-tip body system will be derived using Hamilton's principle. We must therefore nd expressions for both the kinetic and potential energies of the system. We shall begin by deriving an expression for the potential energy of the system and then turn to a discussion of the kinetic energy.
A tacit assumption in the elementary linear theory of the torsion of beams is that cross sections of the beam which were parallel to one another and perpendicular to the neutral axis prior to deformation, remain planar and perpendicular to the deformed neutral axis after deformation. We will relax this assumption somewhat by considering a \bulging" or warping of cross sections during deformation. Our model is based upon Barr's communication in [C2] . For the moment we will assume that the beam undergoes a \pure" torsional deformation.
Utilizing the inertial axes , and introduced earlier and letting denote the displacement of a point along the neutral axis in the direction of the axis, we assume that the displacements are of the form
where ( ) is the twist of the beam at time and position . We note that in the case of simple torsion (where plane sections remain plane), is identically zero. The function ( ) is characteristic of the geometry of the beam's cross section, is commonly referred to as the \warping" function, and is assumed to be known. From Barr's note in [C3] the shear stresses 
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in the plane of the cross sections are found to be
while the axial stress accompanying the warping is approximately =
= It then follows from elementary elasticity theory (see [Sm] ) that the total strain energy of a bar undergoing pure torsion can be written
and denotes a typical beam cross section. For an innite rectangular rod is given by . Using this as an approximation for the nite beam, we nd that = 144
Incorporating these considerations into our model, we may write the total strain energy of the undamped beam undergoing combined torsion and bending as
Let us now focus upon the kinetic energy of the beam. A standard result from the linear theory of beam vibration is that the instantaneous kinetic energy of the undamped beam without tip mass may be written
However, to this we must add terms resulting from the motion of the tip body.
An expression for the combined kinetic energy of the beam and the tip body can be found using standard arguments. We refer the interested reader to [L] , [Sm] for details. The kinetic energy of the system at any time is found to be
The derivation of the equations of motion for the system may now be found from a rather straightforward application of Hamilton's principle of least action which postulates that the variation of the total action of the system considered during any time interval to must equal zero. Hence, in the usual notation
Here we only summarize the nal system describing the motion of the structure, again referring the reader to [Sm] for details of the derivation. Let
These expressions may be intuitively thought of as generalized expressions of linear acceleration for the tip body. The equations of undamped motion are found to be (22) where
and
denote the moments about the , and axes as computed from standard linear beam theory.
In this moment based form we are readily able to introduce internal damping into our model. We illustrate the technique by adopting the Voigt hypothesis which posits that stress is proportional to a combination of strain and strain rate. We may then directly introduce strain rate into the equations of motion through the moments. The altered moments are found to be (see [Sm] )
If we now systematically replace each of the moments in (14)- (24) with these moments which incorporate damping we obtain the governing partial dierential equations (31) along with the natural boundary conditions
These must be used with essential boundary conditions
The model (29)- (40) has been used to analyze vibration experiments with a structure similar to that depicted in Figure 1 (see [BS] , [Sm] for details). 
In this section we turn to issues of well posedness and computational approximation for abstract second order systems motivated by the model of coupled torsion and bending presented in the previous section. Our objective in doing so is to provide a general computational foundation that will allow for the investigation of questions related to various internal damping mechanisms and regularity of solutions as well as input (control) terms. Thus the framework will also provide a rm foundation for future eorts in control. We note in particular the growing body of literature currently involving the development of control strategies using piezoceramics (e.g. [BIW2] , [BWIS] , [BSm] , [BSS] ) which result in unbounded control operators. We focus our attention upon second order systems of the form
where is a generalized stiness operator and is a generalized damping operator. The precise sense in which we consider solutions will be detailed below. Traditionally, the abstract system is studied in the context of linear operator theory. We, however, consider an equivalent formulation for the system based upon a variational or weak formulation. The power of such a framework lies in its concise well posedness results and amenability to computational approximation.
To facilitate our discussions we shall need concepts related to sesquilinear forms dened in the context of a Gelfand triple of Hilbert spaces. For details of sesquilinear forms and Gelfand triples we refer the reader to [Wl] , [Sh] ; here we summarize pertinent ideas. Given a complex Hilbert space , :
is a on if ( ) is linear and ( ) is conjugate linear. The form is if ( ) = ( ) for all in ; the form is or if there exists a constant such that for all in
( )
The space is usually contained in a larger (state) space which is also a Hilbert space. If is continuously and densely embedded in , we write . Since is a Hilbert space we may (through the Riesz map) identify it with its topological dual . It will then follow that = and hence one writes = and says that , , form a Gelfand triple with pivot space . In the context of a Gelfand triple we say that a sesquilinear form on is if there exists constants 0 and such that for all we have
To discuss damped systems, it is convenient to introduce a third Hilbert space that satises (with equality with either or a possibility) and to extend the concept of a Gelfand triple to (42) 
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Suppose the sequilinear form is a symmetric, -continuous and -coercive, the sesquilinear form is -continuous and -coercive, and , . Then there exists a unique solution z of (W1) (equivalently (W2)) with , and . Moreover, solutions of (W1) (equivalently (W2)) depend continuously upon the data in the sense that the map is continuous from to .
or a \Gelfand quintuple". The stiness and damping operators and of (41) are associated with sesquilinear forms and dened on and , respectively, through the \duality products", and , which are extensions by continuity of the inner product on and to and , respectively (see [Wl] for a more complete discussion of duality products).
To be more precise, we assume we have a stiness sesquilinear form on that is symmetric, -continuous and -coercive. There exists ( ) such that ( ) = . Moreover, assume we have a damping sesquilinear form on that is -continuous andcoercive. It can also be shown that there exists ( ) such that ( ) = . Within this framework, we may dene an abstract system (41) that includes (29)- (40) as a special case. We assume that the input or control term satises ( (0 ) ) and consider the weak or variational evolution system
for solutions ( ) . The system ( 1) is formally equivalent to the operator evolution system on
In this form one can establish well posedness and regularity properties of solutions. The theorem we state along with its proof may be found in [BIW1] .
( (0 ) ) ( (0 ) ) ( (0 ) ) To illustrate the concepts introduced above and the use of this theorem, we return to the coupled torsion and bending system (29)- (40) and show how it can be formulated in a weak form. We begin by introducing a state variable ( ) in the state space
For 2 9 where 2 = ( ) we recall the standard inner product
where denotes the usual inner product on (0 ). Let
where for consistency throughout we will use the notation _ Formally we may write that
We next dene the matrix We now dene an equivalent inner product on . The equivalence of the two norms is a direct consequence of the strict positivity of each of the material parameters , , , and the nonnegativity of the remaining constants. The positive deniteness of follows from its symmetry. Letting2 = ( ),9 = ( ), we dene the inner product by 2 9 = 2 9 = + + + 329 (55)
where (0 ) is the usual Sobolev space of (0 ) functions with rst and second derivatives in (0 ) (see [Wl] ). Dene the Hilbert space as
with inner product
One can establish (using a Sobolev embedding result [Wl] ) that the associated norm is equivalent to the standard norm on (0 ) (0 ) (0 ) . The motivation for choosing such an inner product will become apparent after consideration of the stiness sesquilinear form of our system. Standard density and embedding results of Sobolev guarantee that we have a Gelfand triple associated with the spaces and dened above. For 9 = ( ) ( ) ( )9 , we may now formally develop the variational form of the system. We begin by multiplying each of the governing equations (29) The form as dened in (63) is a symmetric, bounded, and -coercive sesquilinear on . 1  1  2  1  2  1  2  2  2  2  2   1  2  3  2  3  3  3   2  1  2  1  2  1  2  2  2  2  2   2  3  2  3  3  3   2   2 1 2 
The variational form of our system is then given by requiring that (59)- (62) to hold for all 9 = (9) . Motivated by the system (59)- (62) we introduce two sesquilinear forms. For 2, 9 we dene the \stiness" sesquilinear form (2 9) = + + +~ (63) and the \damping" sesquilinear form (2 9) = + + +~(64)
In the case of Kelvin-Voigt damping as in this example, we may choose = . Other choices for are more appropriate for dierent damping models (see [BIW1] [W] for detailed examples). The system represented in (59)- (62) is formally equivalent to a weak system written in terms of the sesquilinear forms and . Integration by parts twice in the inner products in (59)-(62) produces a series of boundary conditions which when combined with the equalities of (62) and the inertial terms associated with the tip mass results in the system ( ) 9 + ( _( ) 9) + ( ( ) 9) = 0 9 (65) (0) = _(0) = The system (65) will be referred to as the weak second order form of the coupled torsion and bending model. We may proceed to establish properties of and in order that we may apply the well posedness results of Theorem 1. 
Since the form is the same as except for diering coecients, the same arguments (under boundedness assumptions on , ,~, ) can be used to establish that is -coercive and bounded. Hence Theorem 1 guarantees existence, regularity and continuous dependence of solutions to the torsion-bending model system (29)-(40).
Having established that typical torsion/bending models for structures can be formulated in an abstract framework for general second order systems ( 1), in this section we turn to parameter estimation or identication techniques for these models and systems. First we will provide a mathematical approximation framework in which one can investigate estimation problems arising in the study of coupled torsion and bending. Then we shall show that these results are applicable to the system presented in Section 2 and present a viable approximation scheme for computational studies. Our approximation framework presentation relies heavily on previous abstract results in [BK] , [BWIS] and [BR] . z t q W z t ; z t ; z t ; P f t ; ; H ; z P z ; z P v :
The parameter estimation problem which we shall consider may be abstractly formulated as follows: Find that minimizes the least squares functional
where ( ; ) are the parameter dependent weak solutions of ( 1) and are observations of the state ( ; ) which lie in an observation space . The set is some admissable parameter set contained in a metric space ( ) and the operator is a mapping from the states to the observations. As a concrete example, one might consider estimation of the stiness, torsional rigidity and damping in the example of Section 2 using accelerometer data. That is, one might wish to choose a best value of
from some set of (spatially varying) functional parameters, e.g. (0 ; ), based on observations ( ) of the accelerations ( (~) (~) (~)) at some point~on the beam.
The inverse problem outlined above involves an innite dimensional state ( ) and an unbounded operator . Thus in order to develop computational techniques to handle the minimization, we must make nite dimensional approximations to the state spaces and . The family of approximating subspaces, denoted , can be developed using a number of dierent schemes. For the example discussed below, we have utilized a class of schemes based upon choosing as subspaces generated by cubic splines. Other examples (involving spectral approximations in structural acoustics systems) may be found in [BSS] and [BSm] .
We shall give a brief summary of the pertinent ideas, referring the reader to [BK] , [BWIS] , [BR] and [Sm] for more details. For ease in exposition here, we consider only constant parameters. Hence the parameter set is a compact subset of . To this end a family of approximating estimation problems with nite dimensional state spaces can be formulated by seeking which minimizes
where ( ; ) is the solution to the nite dimensional approximation of ( 1) dened by
The operator is the orthogonal projection of onto . One desires, of course, to guarantee that if the approximating families are chosen properly, then solutions of minimizing (70) converge in some sense to a parameter that minimizes the original criterion (68). To this end, we make certain fundamental assumptions on how the family approximates and . We assume: The nite dimensional subspaces satisfy .
For each 0 as .
We note that condition (H2) also implies that 0 for each . From the denition of the sesquilinear forms introduced earlier for our torsion/bending example, it is clear that in typical applications these forms will be parameter dependent. To allow for this dependence some regularity is needed. Therefore we introduce continuity with respect to parameter concepts for the sesquilinear forms. It will be assumed that the sesquilinear forms = ( ) and = ( ) are dened on and satisfy the following type of continuity condition.
The parameter dependent sesquilinear form : is -continuous in the sense that there exists a constant depending only upon such that if for all , and we have that
for all , and~.
We are now able to state a theorem (see [BWIS] ) of considerable importance related to the convergence and continuous dependance (with respect to data) of solutions of the approximate optimization problems involving (70) and (71). In fact, in many cases one may conclude that solutions of the approximate problems converge to solutions for the original innite dimensional optimization problem involving (65) and (68) (see [Ba] , [BK] for a more complete discussion). 
( 1)
We note that the above \state" convergence (a type of \uniform in " convergence of ( ; ) ( ; ) _ ( ; ) _( ; )) can be used to guarantee convergence (at least subsequential -see [Ba] , [BK] ) of optimal parameters to in the event that observations of displacement and/or velocity are used in (68) and (70). Convergence in the case of accelerometer data requires greater regularity in or a stronger damping form. In this case we may cite the following result from [BR] which establishes sucient convergence arguments for systems exhibiting Kelvin Voigt like damping. ff 0 g j j j j j 0 j j j 2 j j j 0 j j j j j 1   1  2  2  1  2  1  3  2  2  2  2   4  2  3  2  3  5  3  3   1  1   2  2  2  2  1  2  1  3  3  2  2  2  2   4  4  2  3  2  3  5  5  3 Suppose that all of the hypotheses of Theorem 3 hold with the additional hypothesis that . Let be arbitrary in such that in ; then for as we have for all .
is a -continuous sesquilinear form. 
0
We now return to the coupled torsion bending system presented in Section 2 and argue that all the assumptions of Theorem 4 are satised for this example. To illustrate we assume that we wish to estimate the material parameters~~based upon accelerometer data. In accordance with physical considerations we will assume then that represents a compact subset of the Euclidean space . Let us also assume that our laboratory data consists of observations , and of acceleration recorded at one point~along the span of the beam for bending, bending and torsion, respectively. The cost functional of the associated estimation problem would then have the form
subject to (65). We begin by directing our attention to continuity with respect to parameters of the sesquilinear forms ( ) and ( ). Recall that for our example, the sesquilinear forms are given in (63) and (64) for dened in (69). The continuity arguments are the same for both sesquilinear forms with the exception of diering constants; hence, we consider only ( ). 
; ;
X Y X Z B B B B i ; :::; N D ; i ; :::; N For the example we now construct a family of approximate problems; we present the details of our construction. Central to our approach is a cubic spline based Galerkin approximation to the initial value problem (65). For each = 1 2 let denote a uniform partition of [0 ], : 0 = 0 = . Let ( ) denote the standard cubic spline basis elements on (e.g., see [Sch] ). In short, each is a function on [0 ] which is a cubic polynomial on each subinterval [ ( 1) ], = 1 . The support of is [( 2) ( + 2) ] [0 ] with ( ) = 4, ( ) = 0, (( 1) ) = 1, and (( 1) ) = . Recall that for our example the space is a subset of (0 ) (0 ) (0 ) . In order that the subspaces satisfy (H1), the rst three coordinates of the approximating elements must satisfy the zero displacement, zero slope condition. Hence, linear combinations of the spline elements ( ) are utilized (see [BK] for a typical example). For the problem at hand, three dierent sets of elements,
result from this procedure, the rst two related to bending in the and planes, respectively, and the last to torsion. For example we would dene by = 2 2 and = , = 2 + 1. Note that as required (0) 
Let , and denote the spans of the sets , and , respectively. We then dene by the product = and observe that dim = 3 + 3. Recalling the denition of (see (57)), we immediately see that . Condition (H2) and (H3) are veried using standard interpolatory spline estimates (see [Sch] ). Similar arguments may be found in [BK] and [Sm] .
The Galerkin equations in corresponding to (65) for ( ) are given by (65) is equivalent to the linear, homogeneous, second order (3N + 3)-dimensional system given by 
= ( ) (88) For each 0, the components of the 3 + 3 vector are given by ( ) = ( ) . At this stage we note that our approximation results in a second order system of ordinary dierential equations which are at least in principle routine to solve. We now consider the corresponding minimization problem involving (70). For our system, a sequence of nite dimensional estimation problems result which consist of nding a which minimizes
where for each , (85) corresponding to .
To demonstrate the ecacy of the approximation methods for identication of parameters outlined above, we have developed software packages and tested them on examples with simulated data from typical vibration experiments. The software packages involved integration of the approximate system (85) along with an iterative optimization algorithm to minimize the associated approximation to (76) (see (68)). All calculations were performed on the IBM RISC System/6000 at the Center for Research in Scientic Computation, North Carolina State University. The forward integration of (85) was performed using Gear's method for sti systems (IMSL routine DGEAR). The second time derivative of was subsequently computed using a second-order centered dierence on the generalized displacement,
The approximating nite-dimensional least squares minimization problems for (89) could then be solved using a modication of the IMSL implementation of the Levenberg Marquardt algorithm (routine ZXSSQ), an iterative quasi-Newton method utilizing a model-trust region approach. Finally, all FFTs were generated using the MATLAB implementation of the discrete fast Fourier transform (function FFT).
To illustrate results, we report here on one example involving only bending in the plane and torsion. That is in the system (29)- (40), we omit the equation (30) for bending in the plane along with all related terms in the boundary and initial conditions. In this example we attempted to estimate the parameters , ,~, and~from \simulated observation data". To generate simulated \data" (with and without observation noise), we followed techniques that are now standard practice in the parameter estimation literature (e.g. see the rather detailed discussions in [BK] ). Briey, numerical tests were carried out as follows: \data" in our inverse algorithms were generated from functions selected so that all of the boundary conditions of the problem were satised. \True" parameter values , ,~, ,~were then chosen. Substituting these choices of functions and parameters into the equations of coupled torsion and bending, we obtain forcing functions so that the dierential equations of and are satised. For observation points we used equally spaced measurements in time, = seconds, = 1 4096
; and in space we assumed we observed at the tip of the beam,~= . In our simulated experiment we assumed observations of bending acceleration and torsion acceleration , are accessible. Thus the cost functional under consideration is
The solutions of our system were chosen to be Motivated by actual laboratory experiments, the following physically realistic parameter (see [Bs] , [Sm] ) values are utilized in our simulations. The \true" parameter values to be identied are shown in Table 3 . As before these parameters are chosen so that they represent actual typical beam parameters.
The results of our identication studies were most satisfactory. The We also recorded the reduction in the associated cost functional. Letting denote the cost functional associated with the start up values and denote the cost functional for the converged estimates, we found = 71 3 while = 572.
To further simulate laboratory conditions, noise was then added to the simulation data. This was done in the following way. A sequence of normally distributed random numbers of mean zero and standard deviation 2 was generated and then added to the data using the formula:~( 1) = (1 + ) ( 1)
( 1) = (1 + ) ( 1)
The noise is added at intensity levels of 5%, 10%, 20% and 40% relative error. The results using these data sets with our algorithm are depicted in the following series of tables. As one can readily see, the algorithm performed quite well even in the presence of noise in the data. We have presented a model for coupled torsion and bending to describe vibrations in a complex articulated structure. The model presented is an important extension of recent studies as it includes axial warping and incorporates a more general internal damping mechanism than that presented in [SL] and [L] . In actual fact, the model has been used successfully used with experimental data (see [BS] and [Sm] ). In addition, we have shown that the model ts into a general framework of abstract second order systems for which well posedness and regularity results have been established and for which computational methods for both simulation and parameter estimation algorithms can be studied. All abstract mathematical results are illustrated in the context of our model. We have presented one particular example of an approximation scheme and the subsequent implementation of our parameter estimation methodologies. Moreover, we demonstrate via a test example, the computational performance one might expect in similar estimation studies. In particular, the example suggests how the algorithm might behave in the presence of noisy data. We encourage the reader to note the generality of the theoretical and computational framework within which the current model is studied. There is considerable latitude in these discussions for subsequent studies in control as well as parameter identication and estimation. Future studies might for example concentrate upon the eects of warping or the incorporation of more sophisticated damping mechanisms. We note in particular the need for the development of high
